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UPPER. AND LOWER BOUNDS TO THE NATURAL
FREQUENCIES OF VmRATION OF CLAMPED

RECTANGULAR ORTHOTROPIC PLATES

RoY D. MARANooNI, LEoNARD M. COOK. and NAOESH BASAVANIIALLY

\fecbaaical EDIiDecriIII Deputmeat, University of PiItsbuqh, PittIburIh. PA 1'261, U.S.A.

(RlCfiIlfld 2 Sq,,,,., 1977; ill NDilId form 8 DIuIfIIHr 1977; IfeIiIIfId for plfblic4doll 1FIb",." 1m)

.u.lnc&-Tbe Rayleilb-Ritz teeImiquc, • cJampecl beam eiaeD fuDctiou, lias beeIl employed to
deterlIIiDe tIile upper bouDds for tIile ... vm.. for a ...... orbIcIfrcIpK plate. Tbe _..,DIitioD
teeIuIique after BazeIy aDd Fox Ilu beeD ued to 0I1iatate tIile lower baaDda for die 8nt few UbIn1
fNqaeacia. Tbe CIIiawea for the upper bonds .ve been eYIIuated for 11l1DOdes by IIOt ... aay
n:striction on die symmetry CODditiou. VIriItions of tile Int two IIltlnl frequeacjes for YIriou riPIitY
IIId upect ratios wIIicII CIII be of IOIDe use to die ..... are pmented. AIIo die .".. ... lower
bolIIIds for tIile Int few IIIbInI frequencies are taIIalated. ColllJllrison of die results for special CUll widt
ok reported data have been made wbeDever such mults are availablc.

1. INTRODUCTION

Unlike rectaquJar plates with two opposite edps or all the four edaes simply supported, a
plate with clamped boundaries does not have an "exact" or closed form solutiOn. Thus, a
considerable amount of work bas been done to evaluate the natural frequenCY(ies) usiDa
approximate teelmiques. The Rayleiab-Ritz energy method bas proven to be the most popular
tecbDique with COIlIiderable success demonstrated by numerous works.

Hearmon(l] investipted the frequency of vibration of rectaDIUI&r wood and plywood
plates. He obtained approximations for the fundamental natunl frequency of specially ortbo­
tropic, rectaquJar plates with clamped edaes using the Rayleiab method. His assumed
deftection expression CODSistent with the clamped boundaries, consisted of a product of similar
fourth order polyDODlials in the % and y directions. He further modified his results usina a Ritz
modific:ation with a two term deflection function. Reddy and Rajappa[2] obtained the same
fuDdamental frequency expression by solving certain intercoDDeCted beam systems with elastic
equivalence to ortboropic plates and various boundary conditions. They used Oalctkin's
formulation of the VIriational principle. Letbnitski[3] assumed products of bfaooontetric
functions for the deflection and used the Rayleiab metbod to evaluate'the natural frequency of
ortbotropic plates. His results Itre somewhat biaber than Hearmon's results. Iyenpr and
Japdish[4] obtained numerical results for the free vibration of clamped ortbottopic plates and
reported more accurate frequencies for various rilidities than Kanazawa and Kawai[5].

Huftinaton(6] and Youna[7] considered the modal patterns in rectaDIUI&r orthoIropic plates
and reported the existence of DOIrparallel nodal lines for clamped orthottopic plates.

Dickinson[8] considered the vibration of a rectansuIar plate with various boundary condi­
tions. He extended·the sine series solution for isottopic plates developed by Dill and Pister[9]
to an ortbotropic case. Dickinson's lint three natural frequencies are lower than Hearmon's
upper bounds.

Bert and Mayberry[lO] employed the Rayleigh-Ritz technique and used beam functions to
determine the natural frequencies of clamped Jamiuted anisottopic plates. They have
compared the theoretical results with that of experimental ones. Lin and King[ll] studied the
free vibration of unsymmetric cross ply and antisymmetric..-ply plates. They have used an
approximate tecbaique due to BoIQtin to obtain the natural frequencies.

Bazely It al. [12], computed the lower bounds of the lint 8fteen frequencies of a rectanaular
isotropic plate with clamped .s by using a decomposition technique.

This technique developed by Bazely and Fox[13] decomPoses the IOvernina difterential
equation to two or more equations that are individually resolvable. However, Bazely, Fox and
Stadtler'~ treatment is limited to a particUlar "symmetry class.
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In the present work. an attempt has been made to extend the Bazely et al. method to
orthotropic plates with clamped edaes but without symmetry limitations. In addition, as
opposed to other solution methods providiq only approximate results, both upper and lower
bound estimates are presented in order to aecuntelY txw:Ut the trUe e_value for the first
few natural frequeacies of eacb case CODIidtred.. This brIcketiI1I.... permits the results
to be accepted with amuch ..... dqree of coaldence tbID other•• valued approximation
solution methods.

2. THEORY

2.1 Eqution of lIIOIioll
For a freely vibradDa clamped "specially ortbotropic" thiD plate, (YII. 1) the equation of

motion is Jiven by(t4]

(2.1)

with the boundary conditions

clww ... -:= 0 at x ... O. aax

aww---o at y.O.bay

H ... .D.JI]!Ir +D,P., +4D.,

D.r - EJa3J12".

D, ... B,la3/12".

D., - G.,It3/12

alldPt·p, D beiq the ... cIiIUitY. Poiason's ratio, ..... riaiditY respectively.
The so1uCioIl to the eqBtion of motion can be written as

w(.r,y.t) ... I/I(.r,y) cos (." +.").

SubltitutiDldIia in equaQoa (2.1), the equation of motion reduces to

y

(2.2)

(2.3)

(2.4)

b ......----------.

o a x

F"1I. 1. Coordillate system UIed in ualysis.
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Letting X =xla and Y =ylb, eqns (2.4) becomes

and eqn (2.2) can be written as

613

(2.5)

1/1(0, Y) =0,

t/1{X, 0) =0,

af/J
a¥0' Y)= 0,

"'(1, Y) =°
l/1{X, I) =°

aI/Ja¥1, Y)=O

~X,0) =0, iP<x, 1) =0. (2.6)

(2.7)

Equation (2.7) along with eqn (2.6) constitute the eigenval\lC problem for an orthotropic plate
with clamped edaes.

2.2 Rayleigh-Ritz method for upper bows
Let

(2.8)

where

The above operator L can be easily sboWQ to be self adjoint aDd positive definite. The concept
of this method CODsists of determinina the stationary values of the Rayleip quotient

(2.9)

where the parenthesis refer to the inner product of thearaument5. The inner product is defined
here as

(U,II) =f f UII dX dY.

1be solution is not for all admissible functions ., but for the linear manifold spanned by an
arbitrary, finite set of linearly independent functions [.1 satiIfyiDa the aeomemc bouDdary
conditions of the operator L [1S]. The problem then consists.of 1DdbtI· the functions. of the
form

(2.10)

Substitutins this ineqn (2.9), the equation in matrix form becomes
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By choosing a set of orthonormal functions, {\lJl} eqJi (2.11) reduces to

The function '" can be expreued in terms of two sepirate beam fUllGtioDs as

", ... Aa4tt(X)et»t(Y).

(2.12)

(2.13)

The Aa term is a llUIDIric:a1 coeAcieBt wbereaa ", is the normalized eipafUDdion of an
unloaded isotropic clamped beam and is liven by[l6l

...... cosh •...z - cos -...z - E".(sinh •...z - sin .",:)

where E". is the nonnalizinl fuac:tion given by

COIb -cos ....a.. .. sinh - sin .",

and .... are the eilenvllues of the clamped beam difteNlltW equa&ion

~'_ ....4",,,,_O

determined by the roots of the ellancteristic equation

cosb ., cos., == 1.

(2.14)

(2.15)

(2.16)

To enllance the bancHinI of the required inDer product, the eqn (2.13) wiD be redeined as

;," - A,"t/Ir(~"(Y).

Now

(;,", L#,')'"f l'[~ ~1'+.,p ,Pfp+~Q ~~] dX dY

(' (' ~=.,4+ P Jo Jo ;,t~dX dY + Ql,4 for i == i, k == 1

tt 1JL.. P Jo Jo ;,""iX""iYJdX dY for i,a i, k,a/.

Usina the boundIry conditions and intep'atina by parts, eqn (2.18) becomes

(2.17)

(2.18)

(",,", ~') - .,4+·:f,·dR(i)- S(i, i)]+ [R(k)- S(k, k)]+ <2-t4 for i .. i, k .. 1 (2.19&)., ..
... .,'(..f_ ,,')(R(i) - S(i, i)][S(k, l) - S(I, k)l for i - i, kf' 1 (2.19b)

.. "( f ~[S(i,j)- SU, I)][R(k)- S(k,k)] for if'i, k -I (2.19c)
e't ., -.,

=(4 . t; 4 ~[S(i,i)- SU, i)][S(k, 1)- S(I, k)j for if'i, kJ' 1 (2.19d)., -eJ e't-.,

where
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S(m,II)- d7 d7 o'
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Equations (2.19) represent the coetlicient matrix for the standard eigenvalue problem
formulation defined by eqn (2.12). The solution of this eigenvalue problem provides the upper
bounds for the natural frequencies of a clamped ortbotropic plate.

2.3 Dtcompolitioll method for lower bounds
This method requires the operator L to be decomposable into a sum of quadratic forms[13].

such that each eigenvalue problem

...
L=IA..-1

A.'" - AB." =0

(2.20)

(2.21)

is explicitly resolvable. Each set of eigenvalues for a given variation problem cr, desianated as
A,r, are taken to be enumerated in increasing order, as

(2.22)

The lower bounds of the true eigenvalues are desianated by A,: and depend on the M-tuple •
of positive intepm II..

The lower bounds are obtained in order from solutions of the symmetric eigenvalue problem,

[A. -] [1] - [D)
where

111
and [D) of the order 1_/( =I 11,.) has the form

1

[

DI1 D
I2

•••• D
IIII

]
0'1 D'2 .

D= . .

~I ••••••••~ •

The submatrices of D are obtained from the expression

(2.23)

(2.24)

The lower bounds calculated by this method increases monotonicaJly with each index II,. and
satisfy the inequalities

111I At CA,: CA-, p. = 1, 2, ..... 1_1
...1

and Jive bounds accordina to

A,: CA,.,,,. =1, 2, , I_I. (2.15)
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Equation (2.7) can be decomposed into two parts as

(2.26)

and

(2.27)

The boundary conditions for the above two equations are obtained from eqn (2.6).
Usina separation of variables, and eqn (2.15), the eigenvalues and eigenfunctions of eqn

(2.26) can be shown to be

(2.28)

and

and that of eqn (2.27) to be

and

Hb2\ __ m2n2_ 4• m -I 2 3
"2 Dza~ ", -", .

11-1,2,3, .

1/12 =2sin ml1X sin II11Y.

(2.29)

(2.30)

(2.31)

The D matrix is now constructed usina the eqn (2.24) and the eigenfunctions given by eqns
(2.29) and (2.30) as

n- =(A:.+ 1 - A,.'">, a = 1,2.

and

where

(!/I,.', "'.i =2{ 2 m1l'2 z(1 + (-l)"'(E,. sinh E,. - cosh E,.)].,. - m 11'

(2.32)

(2.33)

+ 2 m112 2[1 +( -I)"'(E,. sin E,. -cos E,.n}.
.,.-ml1

{ 2 n1l'2 2[1 +(- 0-(& sinh E. - cosh E.)1+ 2 11112 2[1 +(- I)"(E. sin E. - cos E.)]}; (2.34)
E.-II 11 E.-II 11

m =I, 2, 3, .

II =1,2, 3, .

,.,. and JI correspond to' the position in the D J2 and D21 matrix.

3. DISCUSSION AND CONCLUSIONS

F'Jl\lRs 2-6 show that a linear correspoadence exists between the fundamental plate
frequency puameter and tJte ratio of the material properties. The parameter AI =(pIu.J12tJ~/D"

obtained by the ~y~ method increases 'with aspect ratio .... ita ......,. on
y-direction riaiditY ratio DJH becomes more sipiftcant as shown in FIlS. S and 6. In all of
the above cases, the fundamental plate eiaenvaJue was associated with the first mode in both the
x and y direction.
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a/b=0.5
1200

617

>., 800

400

Or/H

FII· 2. Elect of riPlity variations on the fllDllameDtal fnquency of a rectaquIar ortbotropic: cJampecI plate
with an upect ratio of 0.5.

/
1600

a/b" 0.667

P'/H-o.33

4ClOO~--~---~2:------i3----J

D,/H

Pia. 3. Elect of riIiditY variations on tile f..........~ of a~ ordIobopic cIuIped plate
with .. upect raIio aI 0.667.

Similar plots in Pip. 7-11 show the linearcom~ of the secoDd eia'envalue for
various riaidity ratios. However. a consistent strailbt liM relatioubipis DOt ......... for all
DJH ratios, &I shown in FIlS. ~10. Beyond a specifk point, the ICtUI1 plate frequeDcy buecl
on the fint mode in the x-direction and the second in the ,-diJecIion DO Ioaaer yields the
second lowest frequency. Hence, a second stniabt 6ne of a decreued -.Ioperepraeilts the
second lowest plate frequency. The plot now represents the IOCODCi mode in the x-direc1ioD IDd
first in the ,-direction. These plots are sometimes useful in critical .... when it is important
to know the frequency at which the mode shape flips from one to the other. The r-. of data
plotted in the above papbs correspond to almost all the aVlillble ortbo1ropic ........ Also,
the linear plots in all of the above fipres make. it possible to extrapolate the results.

In Table 1 the frequency parameter .lit of orthotropic; clamped square plates bas been
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IT.. 4. Blect of risiditY vuiIaiolll on the fundameatal fJ'eCtll8llCy of a sqUIre ortholropic: clamped plate.

20,000
O./Ha O.33

0.5

15.000

>.,

10.000

1.0

1.5

2.0

3.0

00 2 3

D,/H

Jlla..5. Btrect of riPfity v......Oft the"'tJ .... Ir.....,y of a reetaIIItUr U1d1ec1opic cIIIIpecI plate
widt III IIpect ntio of \.S.

utHhT 'H'" rns...! 'SWcar eM>

Da/H ~/H J....Uh C1ulIaD Dlck1aRD Baalay , Pox Pra_t
1IW1t*

.5 .5 1 592.8 1 576.1 1 576.7

.5 1.0 2 093.3 2 082.8 2 083.4

.5 2.0 3 095.1 3 087.9 3 088.4

1.0 1.0 1 299.6 1 294.9 1 294.9 1 294.9 1 2n.l

1.0 2.0 1 BOO.5 1 797.5 1 797.7

....ulS. baaeel· on Ray1a1Ih-Rita Method.
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80,000

o../H a O.33
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40,000

20,000

alb =2.0

0.5

1.0

Dy/H

F'1I. 6. Elect of riPtitY vll'iatiolls on thef~ frequeDcy of a rectaDa* ortbotropic: c:IuIped plate
with an aspect ratio of 2.0.

4000

!OOO

1000

D,/H

F'1I. 7. Elect of riPlity variations on the second natural frequency of a rectaDIUIar ortbotropic clamped
plate with an upett ratio of 0.5.

compared with special cases presented in the literature. Althouah Dickinson did not use an
upper bound technique (his value increases with increase in function size) the values calculated
in this study are within 0.04% of· the reported results. Also all the results appear to be more
accurate than those of Jagadish and Iyeapr. Table 2 shows the comparison between the
calculated frequency parameters and previously reported values for the first five modes of a
special ortbottopic square piatt. In pneral, the calculated values.for a plywood plate appear to
agree weD with Dickinson's and appear to be more ac:curate than Heumon's.

Table 3 compares the upper and lower bounds of isotropic square clamped plates. The upper
bound results of the present work appear to be bette( thaD those of Youna and comparable to
those of Bazely et al. Since no symmetry conditions were imposed, the second and third mode
frequenciesbave also been reported in this study. 1be lower bouDdIue fairly close to the
upper bounds indicating that the decompositional technique can be utilized with a complete
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y,," 8. Elect of riPtitY v.,wioas 011 tile tee:ODd IIItUra1 frequellCY of a rectanauJar orthotropic clamped
_ • 1ft Itt*tretlo ()f 0.661.
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Pia. 9. Elect of riaidity variatioas 011 the seccmd natural frequency of a square ortbotropic: clamped plate.
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Pia- 10. Sleet 01 riIWItY VIIriuiou OD tile MCODd IlI&IRal~y of a rectIRI\IIIr orthotropic clamped
plate with an aspect ratio of U.
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80,000

70,000

80,000

«l,ooo

20,000

ooס,ס1

ol!l----+----i2r------+----'
D,/H

FiI. 11. Elect of riaidi1Y Ylnalions on the teeODd DItUrIl frequeocy of a rectaD&uIar ortbotropic cilDqled
pIaae with an aspect ratio of 2.0.

Table 2. Frequency of free- vibration for ortbottopic square clamped plate <D.JH - 1.543. D,/H -4.810)

Mode
rreao...,,, Par_ter(A)

Pre..t110. BaarWlD Diclduoa Work*

1 2 272.7 2 254.5 2 254.5

2 6186.7 6 087.4 6 086.3

3 13 825. 13 070. 13 069.

4 17 720. 17 718.

5 18 244. 18 366. 18 351.

*...ulte buacl on Ra"leilh-Ritz Method.

Table 3. COIIqIaI'iIon of IIIe freqaeacy ........ of die lint four .... of an isotropic:..... cIIIIped
plate

xapecE !!Pp!r ___
lev .....Ratio

All Ilode 'lllUlll Jul.,. , 'ox Pr~ IUl.,. , 'all rr-
Vork* Work

1.0 1 1 295.2 1294.9 1295.1 1 294.3 1 216.7
2 5 389.0 5 385.3 , 183.0
3 11 722. 11 674.
4 17 329. 17 313. 17 3U. 17 293.

667 1 729.3 729.7 729.0 727.9
2 1 739.8 1 63S.3
3 4 373.2
4 4 425.3 4 430.3 4 417.1

50 1 604.1 604.2 603.9 '99.1
2 1 011.8 936.4
3 2 004.5 2 022.8 2000.3
4 3 991.6

....ulte lluacl on layla1Ih-Utz Method.
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Table 4. BOU1Ids for eiaenvalues of ortbottopic reetaDl\lllr cIuDped plates
Iolllld lae_eee

Ox/H lly/H AlB Order Upper Lower

1.543 4.810 0.5 1 646.4091 646.1528
2 1422.3830 1391.4939

1.0 1 2254.5420 2253.6489
2 6086.3035 -

1.5 1 8832.4839 8828.5156
2 13329.83 -

2.0 1 26227.98 26195.055
2 31651.67 -

4.310 0.305 0.5 1 518.9465 516.3428
2 579.9746 565.2004

1.0 1 603.4624 599.6765
2 1024.4738 974.0867

1.5 1 833.5441 828.4370
2 2434.6102 2327.4282

2.0 1 1341.0440 1320.3628
2 5379.3524 -

1.0 2.0 0.5 1 636.6271 634.9131
2 1251.9036 1201.0317

1.0 1 1797.6569 1787.2656
2 5903.1162 -

1.5 1 622a.9706 6208.5273
2 11354.91 -

2.0 1 17677.94 17593.883
2 24223.39 -

1.0 3.0 0.5 1 661.4210 668.2830
2 1490.6255 1442.0378

1.0 1 2298.9819 2296.4839
2 6410.9795 -

1.5 1 8763.9808 8742.6250
2 13198.00 -

2.0 1 25687.92 25602.906
32242.07 -

2.0 1.0 0.5 1 552.4357 549.8081
2 756.9810 728.4688

1.0 1 898.8284 893.6333
2 2951.5581 2842.7612

1.5 1 2100.3580 2091.9373
2 6308.0068 -

2.0 1 5093.0168 5079.2969
2 10015.23 -

2.0 3.0 0.5 1 584.5791 584.4226
2 996.4461 971.3010

1.0 1 1400.7365 1398.5220
2 5109.1492 -

1.5 1 4636.1401 4635.3945
2 8858.4351 -

2.0 1 13103.92 13088.316
2 18042.77 -

beam.....,..._ fortbe ortho1ropic plaaes. Althouab utilization of only six terms of a
cOll\'" ..t of cIIIracteristic beam fuDdions yielded accurate results for the upper bounds.
COI'I'eIpOIIdiq~y was not acbieved for the lower bounds. Di6:ulties atbitiu1ed to
sq..... taaaenttenns ia the aetuII computation of the lower bound values necessdated the
limitiDa of die boam eilPfUACt10ns to two. The instabilities are believed to be associated with
ev" the ~tric functioaa. especially the tanaent near 1f'/2.

The bounds for clamped ortboUopic plates for various riaidity and aspect ratios have been
tabulated in Table 4. It is seen that the ranae for the "exact" eiaenvalue varies from 0.02 to
3.6%.

Thus it appears tbat a combiution of the Rayleiab-Ritz method for upper bound deter­
miDaIioll and the decomposition tedtaique for lower bound estimation is a valuable procedure
for the brackelina of. b'Ue natural frequencies of a wide class of vibration problems where
an explicit closed,form soIution,is impossible.
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